It is well known that the theory of Weil algebras plays an important role in differential geometry. The principal result from this field is that every product preserving bundle functor on the category M f of smooth manifolds and smooth maps is a Weil functor T A for some Weil algebra A, [4] . Then the natural transformations T A → T B of two such functors are in a canonical bijection with algebra homomorphisms A → B and the iteration T A • T B corresponds to the tensor product A ⊗ B of Weil algebras. Further, I. Kolář and W. M. Mikulski [5] have recently described fiber product preserving functors on the category F M m of fibered manifolds with m-dimensional bases and fibered manifold morphisms with local diffeomorphisms as base maps, in terms of Weil algebras. In particular, all such functors are in bijection with triples (A, H, t), where A is a Weil algebra, H is a group homomorphism and t is an equivariant algebra homomorphism (see below). The iteration of fiber preserving functors on F M m was studied by I. Kolář and the author in [1] . Our starting point was the paper [2] by I. Kolář, who introduced the concept of the underlying lower order Weil functor. He also proved that there is an affine structure on Weil bundles. Our aim is to introduce underlying lower order functors for every fiber product preserving functor on F M m . In this connection we show that it is useful to study underlying functors from a more general point of view.
In Section 1 we introduce the subordinated functor for every bundle functor F . This is a functor G such that there is a surjective natural transformation F → G. Then we describe subordinated Weil functors and subordinated Weil algebras. Taking into account the order of subordinated functors, we generalize the concept of underlying Weil functor by I. Kolář. Such an approach will also be used in Section 4, where we introduce the concept of the underlying functor for fiber product preserving functors on F M m .
In Section 2 we recall the Weil characterization of fiber product preserving functors on F M m by means of the triples (A, H, t). We prove that the order of such a functor can be determined from its Weil description (A, H, t). In Section 3 we characterize the subordinated fiber product preserving functors on F M m in an algebraic way. Section 5 is devoted to some examples of subordinated and underlying functors on F M m . Finally, in Section 6 we show that there is an affine structure on the fiber product preserving functors on F M m .
All manifolds and maps are assumed to be infinitely differentiable. Unless otherwise specified, we use the terminology and notation from the book [4] .
Subordinated and underlying Weil functors
First we recall the concept of the underlying lower order Weil functor, which has been introduced recently by I. Kolář, [2] . Consider a Weil algebra A = ×N A , where N A is the ideal of all nilpotent elements of A. We say that A is of order r, ord(A) = r, if N r+1 A = 0 and N r A = 0. It is well known that the order of the corresponding Weil functor T A coincides with the order of A, [4] . According to [2] , the factor algebra
is called the underlying algebra of order k and the Weil functor T A k is said to be the underlying kth order functor of T A .
Clearly, the algebra epimorphism
This leads us to a more general concept.
Definition. We say that G is a subordinated functor of a bundle functor F (or that G is dominated by F ), if there exists a surjective natural transformation t : F → G.
Notice that the concept of a subordinated functor is independent of the admissible category and also of the order of bundle functors in question.
If T A and TÃ are two Weil functors, then surjective natural transformations T A → TÃ are in bijection with algebra epimorphisms µ : A →Ã. In such a case we have an exact sequence
Definition. Let T A and TÃ be two Weil functors. We say that the Weil algebraÃ is dominated by A if the Weil functor TÃ is dominated by T A .
Clearly, we have Lemma 1. A Weil algebraÃ is dominated by A if and only ifÃ = A/I for some ideal I ⊂ A.
In particular, for I = N Hence every sth order Weil functor TÃ, which is dominated by T A , is also dominated by T As . This property of the functor T As can be generalized in the following way. We can see that in the case of Weil functors, the underlying sth order functor F s is exactly the underlying Weil functor T As defined by I. Kolář, [2] . However, our general approach to the concept of the underlying functor can also be applied for bundle functors which are defined on another admissible category. The case of fiber product preserving functors on F M m will be discussed in Section 4. [2] , the underlying (r + s − 1)th order functor of F is the fiber product
Fiber product preserving functors on F M m
We recall that the definition of the order of a functor on F M m is based on the concept of (q, s, r)-jet, s q r, [4] . Consider two fibered manifolds p : Y → M , q : Z → N and two F M m -morphisms f, g : Y → Z with base maps f, g : M → N . We say that f and g determine the same (q, s, r)-jet at y ∈ Y , j q,s,r y
Let F be a bundle functor on the category F M m . We say that F is of order (q, s, r),
Definition. The integer r is called the base order of F , s is called the fiber order and q is called the total order of F , s q r.
Denote by 
Moreover, F f : F Y → F Z is the restriction and corestriction of P r f [T A f ] :
Let F = (A, H, t) be a fiber product preserving bundle functor on F M m and denote by β M : T r m M → T q m M the jet projection. We are going to show that the order (q, s, r) of F can be determined from the triple (A, H, t) in the following way.
Proposition 3. The base order r corresponds to H : G r m → Aut(A), the fiber order s is of the form s = ord(A) and the total order is the greatest integer q r such that the algebra homomorphism t :
. The condition for the base order r is obvious and the condition for the fiber order s follows from (2) . By locality, it suffices to restrict ourselves to the case of a product fibered manifold
Denote byf 1 : M → N andf 2 : N → N the horizontal and the vertical restriction off at (x, y), respectively. Obviously, we have
Moreover, the naturality on h : M → M yields the commutative diagram
Hence we have
and (4) is of the form
By (3), (5) and (6), F g(u, W ) coincides with (4). 
where H N is the action induced by H. Then we can introduce a functor V
We have V 
So the following diagram commutes
Y the natural transformation induced by the algebra epimorphism µ, we can construct the induced map of the associated bundles
Proposition 4. The natural transformations F → G are of the form (8) is independent of the choice of (u, Z). Further, the naturality of µ on p :
Hence (8) If µ : A → B = A/I is an equvariant epimorphism, then
In particular, H(k)(I) ⊂ I and for all a ∈ A we have Remark. By Proposition 3, the fiber orders of a functor G = (A/I, D, τ ) which is dominated by F = (A, H, t), is less than or equal to the fiber order s of F . On the other hand, the base order of a subordinated functor G can be greater than the base order of the original functor F . In fact, consider two Weil algebras A and B such that there is an epimorphism A → B.
One evaluates directly that the functor G is dominated by F . On the other hand, the base order of F is 0, while the base order of G is r.
Suppose now that F = (A, H, t) is an arbitrary r-functor and I ⊂ A is an s-admissible ideal. In the rest of this section we construct an s-functor 
It remains to show that
Then we have
We have proved Proposition 6. The s-functor F I = (A/I, H I , t I ) constructed above is dominated by (A, H, t).
Underlying functors on F M m
In Section 1 we have defined the underlying sth order functor F s of a Weil functor F . However, the order of a functor on F M m is determined by three integers (q, s, r). That is why we can define several types of underlying functors on F M m . If we replace the base order by the fiber order, we obtain the concept of an underlying functor F f s with the fiber order s. By Lemma 3, the intersection I ∩Ĩ of two s-admissible ideals is an s-admissible ideal as well. Denote by I s the minimal s-admissible ideal in A and write 
Definition. Let
Then the Weil algebra of G is A/I. Since G is dominated by J In the rest of this section we describe the functor (J be a generalized fiber product with respect to r projections q i , i = 1, . . . , r, see [6] . This is a generalization of the bundle of boundaries, which was introduced by J. E. White in [7] . By M. Kureš [6] , we have (T 6. Affine structure on fiber product preserving functors on F M m One verifies directly the following assertion.
Lemma 4. Let E = P [S, ] be a bundle associated to the principal bundle P (M, G). Let the fibre S be an affine space with the associated vector space V and let¯ : G → GL(V ) be such a representation of the group G on V , that for arbitrary a ∈ G, v ∈ V , s ∈ S we have (10) a (s) +¯ a (v) = a (s + v).
Then we have the canonical affine bundle structure on E with the associated vector bundle E = P [V,¯ ]. Moreover, the addition of two elements A ∈ E x , B ∈ E x is of the form {u, s} + {u, v} = {u, s + v}.
Consider an arbitrary r-functor F = (A, H, t) such that the ideal N 
